This work analyzes the electromagnetic energy transfer rate between donor and acceptor quantum emitters close to a graphenecoated wire. We discuss the modification of the energy transfer rate when the emitters are interfaced via surface plasmon (SP) environments. All of the notable effects on the spatial dependence of the energy transfer are highlighted and discussed in terms of SP propagation characteristics. Our results show that a dramatically enhancement of the energy transfer occur when the graphene wire SPs are excited. Moreover, different dipole moment orientations influence differently this enhancement. As a consequence of the quasi-one-dimensional graphene wire SPs, we found that the normalized energy transfer rate reaches a maximum value at a donor-acceptor distance which is twice the value corresponding to its two-dimensional counterpart consisting of a single graphene sheet or a flat graphene waveguide. In particular, we provide a simplified model that reproduces the main features of the numerical results.
Introduction
The potential of SPs to confine the electromagnetic field to regions well below the diffraction limit has been widely exploited to manipulate the light-matter interaction at subwavelength scales enabling a rich variety of applications [1, 2, 3] . In particular, the coupling of optical emitters, such as atoms, molecules or quantum dots, to SP modes provides an enhancement of the emission rate several orders of magnitude relative to the case in which the same emitter is localized in an unbounded medium. This property has been used to bring the size of laser sources of light to the nanoscale, to reduce the lasing threshold [4, 5] as well as to improve the efficiency of single photon sources [6] . In addition, SP mode environments can provide an enhancement together a significant directional control of the energy transfer between quantum emitters over distances larger than the Förster energy transfer range [7, 8, 9, 10, 11] .
Significant progress made in nanoscale fabrication techniques and an extensive wealth of theoretical analysis have not only allowed an advanced light manipulation via SPs at optical frequencies (where optical emitters are placed on metallic SP environments), but have also led to a rapidly developing field in light control by plasmonic excitation in the terahertz (THz) frequency range [12] . Possibilities have been widened with the advent of other plasmonic materials with lower losses and greater confinement of the electromagnetic field, such as metal-alloys, heavily doped wide-band semiconductors, and graphene [13] . Due to their unique property to guide SPs by one-atom-thin layer from microwaves to the mid-infrared regimes [14, 15, 16] , graphene has attracted significant interest from the nanophotonics research community. The electronic linear band structure of graphene makes a SP mass depending on the Fermi-level position and consequently electrically tunable and long-lived SPs are supported by graphene.
One of the major challenges for most of applications is to build more smaller plasmonic constituent elements to control light at subwavelength scales, in particular from microwaves to the mid-infrared regimes which comprises a crossover between electronic and optics. In this way, graphene-plasmonic has found a great variety of sophisticated applications, such as photonic devices capable to achieve invisibility [17, 18] , electrically tunable THz antennas [19, 20, 21, 22] and efficient THz waveguides [23] . The propagation characteristics of graphene plasmonic waveguides have been investigated in different geometrical structures, such as planar waveguides [24, 25, 26] ribbons [27, 28] , grooves [29] and graphene-cylinders with circular cross-section [30] . The ability of plasmonic graphene wires to guide light confined well below the diffraction limit has the key advantage for tailoring light-matter interactions [31, 32] , opening routes for novel electrically controllable devises capable to improve the single emitter emission as well as the energy transfer rate between optical emitters [33, 34, 35, 36, 37, 38] .
Methods for controlling the relative positions of single emitters and SP wires with high experimental accuracy have been reported. In [39] , it was described the use of electron beam lithography to create a polymer template that enables the controlled deposition of a small number of quantum dots in areas that measure about 50nm across. Alternatively, in [40] the authors have reported the use of a microfluidic device for positioning at desired locations and moving quantum dots around a single metallic nanowire with a 12nm spatial accuracy. This paper deals with the study about the energy transfer rate between single emitters, a donor and acceptor, located near a graphene-coated wire. In a recent work [41] , we have revealed that the interplay between an optical emitter and SP excitations on a graphene layer strongly influences the energy transfer process between two single optical emitters placed close to a graphene-coated cylinder. However, in that work we have focused on a two-dimensional model in which each of the optical emitters is considered as an infinitely thin wire extending along the z axis of the cylinder and with its dipole moment in the computational x − y plane. As a consequence, only localized surface plasmons, i.e., SPs whose wave vector component along the wire axis is equal to zero, are excited, leading to an optical energy transfer from donor to acceptor within the x − y plane.
Our motivation for this work is to extend the study realized in [41] to the case of quantum dot optical emitters. Unlike the two-dimensional approach, SPs propagating along the waveguiding structure, i.e., SPs with a non null wave vector component along the wire axis, are excited and consequently the energy can be transferred between two distant optical emitters placed near the graphene-wire at a distance ∆z from each other. In this sense, the present work can be considered as an extension to the cylindrical geometry case of our previous study about the effect of SPs on the resonant energy transfer on a planar graphene waveguide [42] . This paper is organized as follows. In section 2, we sketch the boundary-value problem for the diffraction problem of a dipole emitter located in close proximity to a graphene-coated wire. Because of the translational symmetry of the system along the direction of the wire axis, the transverse components of the electromagnetic fields are obtained from their longitudinal components for which we derive integral expressions for the scattered fields. We then include a second dipole emitter and deal with the problem of the coupled system. By using contour integration in the complex plane, we have applied a method developed in Ref. [42] to perform the field integration. This method which is based on the residues theorem enables a fast calculation of the contribution of each one of the wire modes to the energy transfer rate. In section 3 we present numerical results obtained under different dipole moment configurations. Concluding remarks are provided in Section 4. The Gaussian system of units is used and an exp(−i ω t) time-dependence is implicit throughout the paper, where ω is the angular frequency, t is the time coordinate, and i = √ −1. The symbols Re and Im are used for denoting the real and imaginary parts of a complex quantity, respectively. 
Theory
We consider the energy transfer rate between a donor D and an acceptor A electric dipoles placed close to a graphenecoated wire, as illustrated in Figure 1 . The energy transfer in the presence of the graphene-coated wire normalized to that in an unbounded medium 1 (without graphene waveguide), is given by [43] 
where the electric field E D (r) is the electric field in the presence of a graphene-coated wire (see Appendix A), E 0 (r) is due to an electric dipole in an unbounded medium (see Appendix B),n A is a unit vector along the induced polarization of the acceptor (whose direction is assumed to be fixed) and r A is the position of the acceptor. We consider the case in which the donor is placed outside the graphene-coated wire (ρ D > a). Without loss of generality we choose φ D = 0, z D = 0, i.e. the donor position r D = ρ Dx as shown in Figure 1 . By using Eqs. (B16), (B15) and (B14) we obtain the transverse components of the scattered electric field for ρ > a,
and where the complex amplitudes a (2) m and b (2) m are given by expressions (B23) and (B24), respectively. The integration path in Eqs. (2) and (3) is set along the real k z axis and poles, i.e., zeroes of the denominator in a (2) m and b (2) m amplitudes, close to that axis give rise to poor numerical convergence. To avoid this difficulty we have applied a method developed in Ref. [42] to perform such integration which requires the application of the residues theorem to extract each pole contribution of the integrals (2) and (3). In order to perform the calculation of these pole contributions to the field, we deform the integration path in (2) and (3) into a semicircle of large radius (|k z | → ∞) avoiding the branch point and pole singularities. If z > 0 the contour of integration is deformed to the upper-half plane Imk z > 0 (see Figure 2 ) whereas, if z < 0 the contour of integration is deformed to the lower-half plane Imk z < 0. The integration along the branch cut B 1 results in a volume wave [44, 45] , which consist of a continuous spectrum of radiation modes. Here, we focus on distances between emitters of the same order than the propagation length of the graphene wire eigenmodes, thus the intensity of the electric field reached by the excitation of these modes dominates the energy transfer process and the volume wave mode contribution can be neglected. Then, the application of the residues theorem to Eqs. (2), (3) and (B15) gives the following components of the scattered fields
where α m is the propagation constant of a particular eigenmode,
Res is the residue of the integrand in (2), (3) and (B15) at the pole α m .
Res a
Inserting the expressions for E (2) 
zẑ into Eq. (1) we obtain the following expression for the normalized energy transfer rate,
where
The terms in the first sum in Eq. (8) represent the contribution of each of the n eigenmode channels to the normalized energy transfer rate whereas each term in the second sum arises from the interference between m and n mode channels,
Results
In this section, we apply the formalism sketched in previous section to calculate the energy transfer rate between two emitters localized close to a graphene-coated wire. In all the calculations we assume that the core is made of a transparent material with constitutive parameters ε 1 = 2.13, µ 1 = 1 (corresponding to Polymethylpentene) and is embedded in vacuum (ε 2 = µ 2 = 1). In order to obtain separate contributions of different SP modes, firstly the propagation constant of these modes are obtained by requiring the denominator in the amplitudes a 
xH m (x) . This condition is the dispersion relation of SPs and it determines the complex propagation constant k z = α m in terms of all the parameters of the graphene-coated wire. Equation (11) has complex solutions with the same modulus and opposite signs, corresponding to SP propagation along the directions ±z. We have found the complex roots of equation (11) by adapting a numerical code based on Newton Raphson method. In our examples we have selected the solution with Re α m > 0 corresponding to wave propagation along the +z direction.
In the m = 0 case, Eq. (11) is decoupled into two independent equations: an equation whose solutions have the longitudinal component of the magnetic field H z = 0 (TMz polarization),
and another equation whose solutions have the longitudinal component of the electric field E z = 0 (TEz polarization),
In the limit a → ∞, taking into account the asymptotic expressions of the Bessel and Hankel functions [48] , the dispersion equation (12) converges to the TM dispersion equation of a single graphene sheet [23] 
whereas Eq. (13) converges to the TE dispersion equation of a single graphene sheet
In the general case m 0, the modes are not decomposed into independent polarizations, and to calculate the propagation constant of these modes we must solve Eq. (11) .
As in the planar waveguides case, the energy transfer through the graphene-coated wire due to excitation of SPs is much greater than the corresponding energy transfer through the excitation of wave guided modes (modes which are evanescent outside the graphene-coated wire and standing waves in the insulator core) [26, 42] . This is true because graphene SP modes are highly localized in comparison with waveguide (or fiber) modes [30] . In addition, s-polarized SPs only exist for frequencies such as ω/µ c > 1.667 where the imaginary part of the graphene conductivity is negative (see appendix Appendix C). For frequencies bellow this value, ω < 1.667µ c / , (the frequency range studied in this work) only p-polarized SPs are well defined. Thus, as we have verified, the p-polarized SP modes contributions dominate the energy transfer process on the frequency region presented in figure 3 and consequently all other mode contributions, which are solution of Eq. (11), can be neglected in equation (8) . Once the SP propagation constants are calculated, the contribution of each modes to the energy transfer rate between donor and acceptor can be obtained by using Eq. (9). To illustrate the interesting case where the coherent interference between these SP channels leads to large spatial variations, we chose a frequency value for which two of the plasmonic bands plotted in Figure 3 show a significant difference in their propagation constant values. Figure 4 shows the contribution of SP 0 and SP 1 modes (SP modes with m = 0 and m = 1) to the energy transfer rate (F mn with m = n = 0 and m = n = 1) as a function of the separation z between the donor and acceptor and for ω/c = 0.158µm −1 . The locations are r D = 1.5µmρ and r A = 1.5µmρ + zẑ for the donor and acceptor, respectively, and both dipole moments are aligned along the ρ direction (the directions of the dipole moments are shown in the graphs by the directions of the arrows). As can be seen in Figure 3 , only SPs with m = 0 and m = 1 are propagating and as a consequence only these modes carry energy through the graphene wire. Figure 4a shows that the energy transfer contribution curves reach a maximum value for a certain value of the z separation, z max,m=0 ≈ 300µm for the SP 0 mode and z max,m=1 ≈ 100µm for the SP 1 mode. On the other hand, from Figure 3b we determine the propagation lengths of SP modes resulting: L m=0 = 148.5µm for the SP 0 mode and L m=1 = 51.5µm for the SP 1 mode. This result suggests that the maximum contributions to the total normalized energy transfer rate are reached at a distance, between the donor and acceptor, two times larger than the SP propagation lengths. This fact can be understood as follows: due to theρ-component of the SP electric field (4) depends on the z distance as E z (z) ≈ e iα m z = e iReα m z−Imα m z , and the fact that in the absence the graphene wire, the field of the donor is written as (refer to Appendix B for its derivation) E 0,z (z) = e ik 2 z z , it follows that the energy transfer contribution of either of the two SP channels (4) can be written as
which reaches its maximum value at z = 1 Imα m = 2L. It is worth noting that, if the same donor-acceptor configuration (where both donor and acceptor dipole moments are oriented perpendicularly to the graphene surface) is placed near a planar graphene system, such as a single graphene sheet or a planar graphene waveguide, then the maximum energy transfer value is reached at a donor-acceptor separation which coincides with the SP propagation length [42] . This difference lies in the geometry of the system through which the energy emitted by the donor dipole travels. As its required by energy conservation, in the planar graphene case (2D case), the plasmonic energy amplitude is proportional to 1/length (length = distance between the emission and the observation point) whereas for the wire case (1D case) this amplitude is constant. Figure 4b shows the energy transfer rate between the donor and acceptor as a coherent superposition of the SP 0 and the SP 1 contributions and calculated by using Eq. (8) . Due to the presence of the interference term I nm with n = 0 and m = 1, this curve shows a pronounced spatial oscillation whose period Λ = 17.2µm, a value that can be calculated within the framework of the model in Eq. (10) , where the interference term between the SP 0 and SP 1 is written as
Equation (10) We next consider the case where the two dipole moments are parallel to the surface of the cylinder but perpendicular to the axis of the cylinder,p D =p A =φ as shown in the inset in Figure 5a . Since the electric field component of the SP 0 along theφ direction is zero [23] , the m = 0 plasmonic order is not coupled to the dipole incident field, and as a consequence the energy transfer contribution associated to this order is zero [we have numerically verified this assertion]. In Figure 5a we have plotted the energy transfer contribution of the SP 1 mode. As in the previously presented case where the donor and acceptor dipole moments are perpendicular to the graphene cylinder, we also observe that the maximum normalized energy transfer rate is obtained for a value of the z separation two times larger than the propagation length of the SP, z max ≈ 100µm= 2L m=1 .
In Figure 5b we have plotted the energy transfer contribution for the case where the two dipole moments are parallel to the axis of the cylinder,p D =p A =ẑ. Unlike previous configurations, the distance z max ≈ 600µm for the m = 0 order and z max ≈ 200µm for the m = 1 order. These values represent fourfold the SP propagation length of the m = 0 and m = 1 orders. This fact can be understood by taking into account that, in the absence of the graphene cylinder, the z component of the donor electric field for x A = x D is written as (see Appendix B)
while theẑ component of the SP electric field is as in Eq. (B15), E z (z) ≈ e iα m z = e iReα m z−Imα m z . Thus, the energy transfer contribution of either of the two SP channels (6) can be written as
which reaches its maximum value at z = 2 Imα m = 4L m . Note that the values of the normalized energy transfer rate shown in Fig. 5b (donor-acceptor emitters with dipole moment oriented parallel to the wire axis) are approximately two orders of magnitude larger than that corresponding to perpendicular orientation plotted in Figs. 4 and 5a. This is true because the energy transfer rate without graphene wire decays as z −4 for donoracceptor emitters oriented parallel to the wire axis whereas it decay as z −2 for other orientations of the emitters. In the inset in Figure 5b we plotted the curve corresponding to the energy transfer rate as a superposition of the SP 0 and SP 1 modes as a function of the z separation between the donor and acceptor. This curve presents an oscillation whose spatial period is the same as in Figure 4b , Λ = 17.2µm.
It is worth noting that the calculation of the energy transfer for small donor-acceptor separations (z ≈ λ = 2πc/ω) is a limitation of the presented model. At these distances, the contribution of the radiative modes, which are excluded in our model, is not negligible and our calculations depart significantly from experimental values. Since the emitter-SP coupling decreases with the emitter-cylinder distance, we expect this effect becomes even more pronounced when emitters are far away from the surface of the cylinder.
Conclusions
In conclusion, we have examined the energy transfer rate behavior from a donor to an acceptor close to a graphene-coated wire of circular cross section. We developed an analytical classical method and obtained a rigorous solution for the electromagnetic field in an integral form. By solving the eigenmodes dispersion equation, which is related to the study of the nontrivial solutions to the boundary value problem in the absence of external sources, we have obtained the complex propagation constants of the graphene-wire SPs. This allowed us to calculate the contribution of each of these SPs to the total energy transfer rate.
In all the presented examples, we have provide a comprehensive analysis about the strong impact of SPs on the energy transfer rate between two single emitters in terms of their kinematic characteristics. Our calculations show that the SP maximum contribution to the total normalized energy transfer is reached when the donor-acceptor distance is twice the value of the SP propagation length for the configuration when both dipole moments are oriented perpendicular to the wire axis. This result differ from that obtained for planar graphene systems, such as a single graphene sheet or a planar graphene waveguide for which the maximum energy transfer value is reached at a donor-acceptor separation which coincides with the SP propagation length. In case where the dipole moments of both the donor and acceptor are parallel to the wire axis, these maximum contributions are reached at a distance four times larger than the SP propagation lengths.
In addition, we have obtained a simple relation, which uses the SP dispersion relation, that allows us to calculate the spatial dependence of the normalized energy transfer rate between two quantum emitters. Although in our examples only it is consider three polarization directions, the method described in section 2 allows to calculate the energy transfer regarding an arbitrary dipole moment orientation in relation to the graphene-coated wire. In particular, from the presented results it can be inferred that, for an arbitrary orientation of the dipole moments, each of the modal plasmonic contributions to the normalized energy transfer rate will have two characteristic lengths related with the propagation length of the SPs involved.
Finally, the research can be continued by considering graphene-coated wire with a finite lenght. In this case, reflections at the wire facets modify the dispersion relation of SPs playing a key role in the energy transfer process. A simple semi-analytical approach used in case of a metallic wire [51] considers the field confinement in the transverse wire direction and reflections at the wire ends as two completely independent problems. This procedure leads to dispersion curves of an infinite cylinder but with an intermode spacing which is proportional to the inverse wire length (Fabry-Perot modes). A most rigorous approach that could be applied to the graphene-coated wire takes into account the formulation of the equivalence theorem to obtain a dispersion relation of the Fabry-Perot modes [52] . As a result of applying these two approaches, the energy transfer rate would be enhanced at the frequencies corresponding to Fabry-Perot modes. Although we could planning such study in a future, as a first step, we believe that our contribution can be valuable for experimentalist, which using the dispersion relation of SPs, can calculate the interaction distance between a pair of quantum emitters by using a simple relation. 
where D m is the determinant of the 2 × 2 matrix in Eq. (B19).
Appendix B. Electric field of a dipole in an unbounding medium
We consider an electric dipole at position x D oriented alonĝ z direction, p = pẑ. The vector potential A e (x) in spherical coordinates is given by [43] A e (x) = −ik 0 e
where R = |x − x D |. By using Eqs. (B4) and (B5), we obtain the following components for the electric field in cartesian coordinates 
(A2)
For the electric dipole orientation along thex direction, p = px, the field components can be obtained from Eqs. (A2) by replacing E x → E z , E z → E x , x → −z and z → x.
Appendix C. Graphene conductivity
We consider the graphene layer as an infinitesimally thin, local and isotropic two-sided layer with frequency-dependent surface conductivity σ(ω) given by the Kubo formula [49, 50] , which can be read as σ = σ intra + σ inter , with the intraband and interband contributions being 
where µ c is the chemical potential (controlled with the help of a gate voltage), γ c the carriers scattering rate, e the electron charge, k B the Boltzmann constant and the reduced Planck constant.
